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Abstract

Isothermaldatain the (V, P)-planeare generallynot suficiently preciseto
determinethe bulk modulusandits pressurederivative usingfinite differ-
ences.Insteadthe dataarefit to ananalyticexpressionrandthe derivatives
of theanalyticexpressiorareused.The derivativesobtainedin this fashion
may be sensitve to the fitting form andthe domainof datausedfor thefit.
This pointis illustratedby re-analyzingwo datasetsfor B-HMX. With the
third orderBirch-Murnagharequatioranda Hugoniotbaseditting form we
shawv thatthe uncertaintyin the modulusdueto thefitting formsis greater
thanthe statisticaluncertaintyof the fits associatedvith the experimental
errorbars. Moreover, thereis a systematidifferencebetweerthe two data
sets.Both fitting forms give statisticallygoodfits for both experimentsal-
thoughthe modulusat ambientpressurgangesrom 10.6to 17.5GPa. The
large variationin the initial value of the modulusis duein partto the lack
of datain the low pressureegime (belov 1GPa) andto the propertyof a
molecularcrystal,in contrastto a metal or atomic crystals,to stiffen sub-
stantiallyundera smallamountof compressionThe valuesof the modulus
andits derivative areanimportantissuefor anexplosive like HMX because
they affect predictionsof the Hugoniotlocusin the regime of the Chapman-
Jougetdetonatiompressure.



1 Introduction

Hydrostaticcompressionexperimentsare usedto measurethe equilibrium
pressuralonganisothermasafunctionof density Theisothermabulk modulus
andits derivative canthenbe computed.Thesequantitiesdetermineghe Hugoniot
locusfor weakshocksin the form of a linear (shockvelocity)-(particlevelocity)
relation. This techniquecanbe appliedto explosive crystalsfor which the inert
Hugoniotis difficult to measuralueto thereactve natureof the material.

The isothermalbulk modulusis definedby Ky = -V %, 9P \T andits derivative

by Ky =% = 1-v 2P| /a_v ;- Thermodynamiaelationscan be usedto

transformbetweensothermakndisentropicvalues:
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where 3 is the coeficient of volumetric thermalexpansion,andCp is the spe-
cific heatat constanfpressure We notethat 3 andCp canbe measuredlirectly.
Furthermore, ke G
T
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whererl is the Gruneisencoeficient, and at ambientconditionsBT <« 1. Con-
sequentlyif asexpectedthe temperaturaderivativesin equation(2) are on the
orderof 1 or lessthentheir effectis small. Hence we canneglectthetemperature
derivativesandobtain
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For the principal Hugoniotlocus, the interceptandslopeof the us-up, relation
aregivenby
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whereKs andK{ areevaluatedattheinitial state. Theserelationsallow theHugo-
niot to be determinedfrom isothermaldataover a limited domainof pressure,
typically up to a shockpressureon the orderof Ks. In general,the Griineisen
coeficient andspecificheatare neededo extenda singleisothermPr (V) to an
equationof stateP(V, e) neededo computethe Hugoniotlocus.

Theisothermaldataareusuallynot sufficiently preciseto be ableto calculate
dervativesby simplefinite differenceslnsteadananalyticform for theisotherm
Pr (V) is assumedAfter fitting parameterso matchthe data,derivativescanbe
obtainedanalytically In effect, thefitting form is usedto smooththe data. An
importantquestionis the sensitvity of Kt andK7 to thefitting form andto the
domainof datausedfor thefit.

The choiceof fitting form canhave a large effect on the resultsof the data
analysis.This pointis illustratedby re-analyzingwo datasetsfor f-HMX (mon-
oclinic crystalof cyclo-tetramethylene-tetranitramin&)th thethird orderBirch-
Murnagharequationranda Hugoniotbaseditting form. In this example we shov
thatthe uncertaintyin the modulusdueto thefitting formsis greaterthanthe sta-
tistical uncertaintyof thefits associatedavith the experimentalerrorbars.In spite
of statisticallygoodfits with bothfitting formsfor bothexperimentsthemodulus
atambientpressureangesrom 10.6to 17.5GPaandthe derivative of the modu-
lusfrom 5.6to0 18.1. Thoughthereis a systematidifferencebetweerthetwo data
setsthisaccountdor only partof thespread.

The large variationsin the initial value of the modulusandits derivative are
alsoduein partto the propertyof a molecularcrystal,in contrastto a metal or
atomiccrystals to stiffen substantialljundera smallamountof compressionto-
gethemwith thelack of datain thelow pressureegime (belov 1GPa). Thismeans
thattheinitial valuesof the modulusandits derivative shouldbe usedwith care.
For example, linearizing the equationof stateaboutthe ambientstatemay not
give a good approximationfor the shockHugoniotat pressuresvell below the
bulk modulus. This is animportantissuefor an explosive like HMX becausat
affects predictionsof the Hugoniotlocusin the regime of the Chapman-Jouget
(CJ)detonatiorpressure.

2 HMX data

Dataon anisothermof -HMX werefirst reportedby Olinger, Roof & Cady
[1] in 1978. More recentlythe measurementaere extendedfrom 7.5GPa to
42GPa by Yoo & Cynn[2]. Thoughnot specifiedwe assumehat both experi-



mentswereperformedat roomtemperatureThe two experimentsusedthe same
generakechniquebut weredifferentin detail.

Olinger, Roof & Cadyuseda Bridgmanarvil to compressa sample0.2mm
thick and0.3mm in diameter The sampleconsistedf smallHMX crystalsand
NaF powder suspendedn a methanol-ethanahixture. The HMX densitywas
determinedy measuringhe lattice parametersvith X-ray diffraction. The pres-
surewasdeducedrom the compressiomf NaF determinedy X-ray diffraction.
Yoo & Cynnuseda diamondarvil to compressa sample0.12mm in diameter
Micron-sizedHMX crystalswere suspendedh argon. Again, the HMX density
was determinedvia X-ray diffraction. The pressurevas determinedvia a ruby
fluorescenceechnique.The datafrom both experimentsvereusedto determine
Kr andK7. However, adifferentfitting form wasusedin theanalysisof eachdata
set.

Olinger, Roof & Cady[1] usedthe Hugoniotrelations,

V. U

VO US ’
P = Po+ poupus ,

to transformeach(V, P)-datapoint to a pseudo-particleelocity up, anda pseudo-
shockvelocity us. The pseudovelocitiescanbe expresseas

Up= [(P—Po)(Vo—V)] "2, (5)
P—Py]Y?

In the (up, us)—planetheir dataarewell fit by a straightline, us = cr + Srup. This
resultsin thefitting form

Vo—-V
2
[Vo—sr(Vo—V)]?

P(V) = (7)

Fromthefit they obtainedKto = 13.5GPaandK;, = 9.3.

We notethatfor the Hugoniotlocusof a solid, up to a pressureon the order
of thebulk moduluscompressionatffectsdominatethermaleffects. Thus,within
theexperimentadomainof pressuret is notsurprisingthatafitting form usedfor
Hugoniotloci is areasonabl@pproximatiorto anisotherm.
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Figure 1: HMX isothermdata. Diamondsand circles are datafrom Olinger, Roof
&Cady[1] andYoo & Cynn [2], respeciiely.

Yoo & Cynn|[2] fit their datato a third-orderBirch-Murnagharequationof
state(seee.g., [3, p. 64])

P(V) = 3Kro[n /2= n~%] |14 §(Kfo -9 ¥2- D], (®)

wheren =V /Vp. Their “best-fit” valuesareKto = 124GPaandKt, = 10.4 for
thedatabelow a pressuref 27GPa.

The reportedresultsfor the two experimentsdiffer by 8.5% for the moduli
and11% for the deriative of the moduli. Both datasetsareshown in Figure 1
in boththe (V, P)-planeandthe pseudo-elocity plane(Yoo & Cynn databelov
27GPa). Olinger, Roof & Cady listed the uncertaintyin their datapoints. It
is approximately2% in pressureand variesfrom 0.1%to 1.5%in V /Vp asthe
compressiomatio increases.Yoo & Cynndid not list the uncertaintyexplicitly
but error barswere shawvn in the plots of [2, fig. 5]. From this we infer that
their uncertaintyin the pressurds about0.1GPa + 2% andtheir uncertaintyin
V /Vo is about0.5%. It is naturalto askto whatextentthe differencein the bulk
modulusinferredfrom thetwo datasetscanbeattributedto the differentmethods
of analysig(i.e., assumeditting forms), to the uncertaintyin the datapointsor to
differencesn the experiment(i.e., crystalsize, experimentalgeometry pressure
medium,andmeansof determiningpressure).

This led usto reanalyzebothdatasetsusingbothfitting forms. In the process
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we found thata leastsquarefit to the datareportedby Yoo & Cynn, usingtheir
fitting form, leadsto avalueof Ktg = 14.7 GPawhichis 16%largerthanwhatYoo
& Cynnquotedastheir“best-fit”. However, this doesnot explainthediscrepang
betweerthevalueof K1g obtainedrom thetwo experimentsNor is thedifference
within the uncertaintyof the measurements.

3 Re-analysisof Data

The hydrostaticdataof Yoo & Cynn|[2] extendup to 42GPa. In additionto
measuringhepressurehey measuredhe RamarspectraThereis evidencein the
spectrunfor phasdransitionsat12GPaand27GPa. At 12GPathereis negligible
volume changeandthey suggesthe transitionis martensitic. Sincea crystal of
B-HMX is anisotropic hydrostaticcompressiomivesriseto a shearstrainwhich
caninducea martensitidransition. At 27GPathereis a 4% volumechangellt is
naturalto limit thedomainof thefits basednthesetransitions.Consequentlywe
have donetwo fits for Yoo & Cynn’s data.Thedomainof the datausedfor fitting
doesaffectthe valuesof theresultantparameters.

We notethat bothfitting forms have 2 parametersandby constructionboth
go throughtheinitial stateV /o = 1 andP = 0. The velocity parametersr and
st in the (up, us)-planeandthe Birch-Murnagharparameter&ro andKro x K.
in the (V, P)-planeenterthefitting function aslinear parameters\We determine
theseparameterfrom aleastsquaresit with weightsspecifiedoy the uncertainty
in thedatapoints.

For thefit in the (V, P)-plane,we treatedV asthe independenvariableand
addedthe uncertaintyin the measuredsalue of V to the measuredincertainty
in P: )

(8P)2 = (3P)?+ (Fhov )"

Thisresultsin anon-lineaminimizationproblemfor thefitting parameterstHow-
ever, it canbe solvedby iteratingon thelinearproblem.Only afew iterationsare
neededo obtainconsisteng betweendP’ anddP/dV.

For the fit in the (up, us)-planewe computethe uncertaintiesrom egs. (5)
and(6) assuminghatdV anddP areuncorrelated;

o
(5) = (2 =4(%) +ilgm)

With up astheindependentariabletheuncertaintyin up is addedo thatof usin a
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fitting form Kro Kig X2 C S
GPa) — — (kmis) —

Olinger, Roof & Cadydataset
pseudo-elocity 134 94 023 265 259
o +0.3 +0.7 +0.08 +0.17

Birch-Murnaghan 10.6 18.1 0.35| 2.36 4.78
o +1.7 434 +0.19 +0.86

Yoo & Cynndataset,P < 12GPa
pseudo-elocity 172 57 084 3.01 1.68
o +0.5 +0.7 +0.14 +0.18

Birch-Murnaghan 16.0 7.3 0.70| 290 2.07
o +25 +1.4 +0.22 +0.36

Yoo & Cynndataset,P < 27GPa
pseudo-elocity 175 56 064 3.04 1.65

o +0.3 +0.2 +0.07 +0.05
Birch-Murnaghan 14.7 86 0.49| 278 240
o +1.3 +0.8 +0.13 +0.21

Tablel: Resultsof fitting formson thetwo datasets.

similarmannerasdescribedabove for V andP. Againthefitting parametersvere
obtainedby iteratingthelinear problem.

Theleast-squarefit to thedataof Olinger, Roof & Cadyis shovnin Figure2,
andthe least-squarest to the dataof Yoo & Cynnis shown in Figure3. The
valuesof thefitting parameteralongwith their standardleviationso arelistedin
tablel. In addition,thevalueof thereducechi-squared

_ . 2
X\Z) = NEZ <PI P(VI)) 9)

is givenfor eachcase. In all casesy? < 1. Hence,the isothermaldatacanbe
fit equallywell with boththe Birch-Murnagharandthe Hugoniotfunctionalform
of P(V).
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Figure2: Fitsto HMX dataof Olinger, Roof & Cady[1]. Redsymbolsaredatapoints.
Greenline is basedon Hugoniotfitting form andblue line is basedon Birch-Murnaghan
fitting form.
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Figure3: Fitsto HMX dataof Yoo & Cynn[2] (restrictedto P < 27GPa). Redsymbols
aredatapoints. Greenline is basedon Hugoniotfitting form andblue line is basedon
Birch-Murnagharfitting form.



For the domainof the data,K ~ Kg+ PK’. In this approximation the slope

dP _ Ko (Vo\Kb , . o : . ,
@ = V(V) and increasegapidly with increasingcompressiorsince K| is

large. At high pressureshe slopeis large andthe dominantcontrikution to 6P’ is
from the uncertaintyin V. This hasa large effect on the value of X3 andthe un-
certaintyin thefitting parametersAs an exampleof the magnitudeof the effect,
for the Birch-Murnaghatrfit to the Yoo & Cynndataup to 27GPa, settingdV =0
would increasex? from 0.49to 1.66. In addition, the uncertaintiesn the fitting
parametersgkx andoy:, would decreasdy abouta factorof 2. Consequentlyat
high pressureg is importantto measurd/ asaccuratelyaspossible.

A few obsenationsaboutthefits, basedntablel, areinstructve. For boththe
dataof Olinger, Roof & Cadyandthedataof Yoo & Cynnin thepressurealomain
P < 27GPa, thedifferencesn Ktg andK’., betweerthetwo fitting formsis greater
thanthe sumof the statisticaluncertaintiesn eachfit dueto theuncertaintyin the
datapoints. Thisis dueto the curvatureof us(up) for the Birch-Murnagharfitting
form whenup is small. We discussthe cunvatureeffectin moredetailin the next
section.Theimplicationis thatthe assumeditting form canbe a dominanterror
in determiningthe modulusandits derivative atambientconditions(1 atm).

Furthermorefor eitherfitting form, the differencein valuesof Kro andKf
determinedrom thetwo datasetsis greaterthanthe statisticaluncertaintyin the
fits. This is seengraphicallyin contourplots of X2 shown in figure 4 for the two
fits to the two datasets. The largestcontouris slightly larger but comparablgo
the statisticaluncertaintiesn the parameter®f the fit. The factthatthe “error
ellipses”don't overlapimpliesthereis a systematidifferencebetweerthe exper
iments.

Yoo & Cynn|[2] suggesthattheir pressuranedium(argon) resultsin a more
hydrostaticcompressiorthan the pressuremedium (ethanol-methanolysedby
Olinger, Roof& Cady[1]. Moreover, anon-hydrostaticompressionvould result
in alargervolumefor a givenpressurg4] whichis consistentvith thedifference
betweerthe datasets.However, it is not clearwhich mediumis morehydrostatic.
At roomtemperaturarmgonsolidifiesat 1.3GPa[5] whereagheethanol-methanol
mixture remainsa liquid, albeit highly viscous,up to 10GPa [6]. The factthat
argon solidifies is mitigated by other properties. Argon is much softer (lower
bulk modulus)and readily recrystallizeswhich tendsto relieve the shearstress
[7]. To somedegree,both experimentsaresubjectto a systematierrorresulting
from their pressuremediumsnot being perfectly hydrostaticat high pressures.
Developingexperimentaltechniquesand methodsof analysisto compensatéor
shearstresss anareaof active researchseefor example[4].
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Figure4: Contourplot of x2 for fits to the HMX dataof Olinger Roof & Cady[1] and
Yoo & Cynn|[2] (restrictedto P < 27GPa). Tencontourfor eachfit areequallyspaced
betweerthe minimumvalueandtwice the minimumof x2.

Systematidifferencedetweerthetwo experimentsnayalsoresultfrom the
differentmethoddor inferringthepressureanddifferencesn experimentaddesign
suchastheuseof anaxialversugadialx-ray beamto obtainthediffractionpattern
from which the lattice parametersnd hencethe crystaldensityareinferred. In
addition, during compressiorthereis the possibility of a stick-slip effect giving
rise to localizedshearheatingat the arvil surfacesor betweengrains,andthus
causingasmallamountof HMX to decomposeUntil thediscrepang betweerthe
experimentds resohedfully the bestonecansayis thatKtg = 14+ 3.5GPaand
Kto = 7.5+ 1.9. Thesearelarge uncertaintie§+25%)in importantparameters.

Thepossibilityof amartensitigphasdransitionat 12GPa[2] suggestsestrict-
ing thedomainof datausedfor thefit. Whenthepressurelomainof Yoo& Cynn’s
datais restrictedrom 27to 12GPa, theparameters ands of the pseudo-elocity
fit changeby only 1%. In contrastthe parameterd{ro and K, of the Birch-
Murnagharfit changeby 8% and16%,respectiely. Thesechangesrewithin the
error estimate.Consideringthatthereis no volume changen the transition,the
possiblekink in theslopeof P(V) atthephasdransitionis undoubtablyostin the
scatterof the data. It is interestingto notethatthe parameters$or the Hugoniot
fitting form arelesssensitie to the domainusedfor thefit thanthe parametersf
theBirch-Murnagharfit. Thisis dueto thefactthatthereareno datapointsin the
low pressureegion in which the curvatureof us(up) is greatest.
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4 Discussion

A notablepropertyof the Birch-Murnagharfitting form is thecurvaturein the
pseudo-elocity plane.As notedpreviously, for stiff materialssuchassolids,weak
shocksaredominatedoy compressionatffectsandfor low pressuretheisotherm
andtheHugoniotlocusareexpectedo have asimilarbehaior. In contrasto met-
als,it is commonfor the Hugoniotloci of liquids [8], poroussolidsandpolymers
[9] to display significantcurvaturein the (up, us)-planefor weak shocks. The
curvatureeffect alsohasbeenobseredfor the explosive PETN (PentaErythritol-
TetraNitrate)10] whichis alarge organicmolecularcrystal.

We think the mechanismin liquids andlarge molecularcrystalsis similar to
whatOlinger, Halleck& Cady[10] describedor PETN.At low pressuresgegions
of relatively low intermolecularelectrondensityareclosed. This is analogougo
squeezingout voids in poroussolids and “free volume” in polymers. Further
compressionhenrequiresdistortionof intra-moleculadegreesof freedomchar
acterizedby covalentbondingand/oraccessingtatessuccessiely higheron the
intermolecularepulsie core. This leadsto a large increasen the modulusover
arelatively smallpressurelomain.Therapidincreasen the modulusis thecause
of the curvatureof the Hugoniotloci in the velocity plane. It would not be sur
prising for HMX (C4HgNgOs), which like PETN (CsHgNy) is a large organic
molecularcrystal,to displaya similar curvatureeffect. In fact, PastineandBer-
necler [11] have analyzedTATB (TriAmino-Trinitro-Benzene CgHgNgOg) and
have suggestethatthe hydrostaticequationof stateof mostsecondargxplosives
would have a similar characteristic.

The strongestcurvatureeffect usually occursat pressuredelow a few kilo-
bars. Thereis only oneisothermaldatapoint for HMX belov 1.5GPa. Conse-
guently to justify the useof the Birch-Murnagharfitting form over the simpler
Hugoniotfitting form would requireadditionallow pressuralata.Experimentally
it is difficult to measurethe density at low pressurewith the precisionneces-
saryto determineaccuratelythe moduli. An alternatve is to determinethe bulk
moduli from soundspeedmeasurementsBecauseof anisotroy of the crystal
(B-HMX is monoclinic), it is necessaryo determinethe full elastictensor The
isentropicmoduluscorrespondso the Reussaveragebulk modulus,andeq. (1)
thendetermineghe isothermalmoduluswhich canbe comparedwith the fits to
the hydrostaticdata. Recently Zaug[12] haspartially determinedhe elasticten-
sorof HMX from soundspeedneasurementssingtheimpulsive stimulatedight
scatteringechniqud13]. Pinningdown Krg in thisway would greatlyreducethe
uncertaintyin thefitting parameters.
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Figure5: HMX datain (up, us)-plane.Reddiamondsandbluecirclesareisothermabata
of Olinger, Roof & Cady[1] andYoo & Cynn|[2], respectirely. Black circlesareHugo-
niot datafor solvent pressedHMX (0.5% porosity) [14, p. 596], and black diamonds
areCraig’s Hugoniotdatafor singlecrystalHMX (unspecifiedrientation)[15] and[14,

p. 595] aroundthe CJ-detonatiorpressure 34—-42GPa. Greenline indicatesphasetran-
sition at 27GPa in the isothermaldata[2]. In addition: Dashedred andblue lines are
linearfits to isothermaldata.Black line is Bernecler’s [17] proposediecavise linearfit

to Hugoniotdata. Solid red andblue lines are Birch-Murnagharfits to Olinger, Roof &

CadydataandYoo-Cynndatabelon phasdransitionat 27 GPa, respectrely.

Theuncertaintyin Kyg andK’TO hasimportantimplicationsfor theHMX shock
Hugoniot. Hydro simulationsfrequentlyusea Mie-Griineisenequationof state
for solidswith a referencecurve basedon the principal Hugoniotand a linear
Us-Up relationfor the Hugoniotlocus, eq. (7). Both the isothermaldataandthe
Hugoniotdatafor HMX areshawn in figure 5. Extrapolatingto CJ-detonation
pressureps ~ 9mmy/ps, thereis a large differencebetweerthe linear fits based
on the dataof Olinger, Roof & Cady andthe dataof Yoo & Cynn. Thus,the
systematidifferencebetweerthetwo datasetshasimportantconsequences.

We notethatthereis alsoHugoniotdatafor PBX-9501[18], whichis 95wt%
HMX. In the (up, us)-plane,the fit to the PBX-9501Hugoniotdatais closerto
the fit to the dataof Olinger, Roof & Cadythanto the dataof Yoo & Cynn.
Moreover, recentmeasurementsf thevonNeumanrspike of adetonatiorwavein
PBX-9501arecompatiblewith extrapolatingthelow pressurédugoniotdata[19].
However, previousmeasurments theHMX based”BX-9404of Craig(reported
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in [20, Tablel.4,p. 23]) obtaineda von Neumanrspike pressure&ompatiblewith
thedataof Yoo & Cynn. Finally, we notethattherearethreehigh pressuresingle
crystalHugoniotdatapoints[15] and[14, p. 595]. Surprisingly thesedatapoints
imply thatthe singlecrystalis softerthanthe PBX.

Priorto Yoo & Cynn’s recentexperiment,Dick [16] andBernecler [17] sug-
gesteda high pressureshockinducedphasetransitionin HMX basedon the fact
thatthe high pressurdHugoniotdatalay considerablyoelow the straightline fit to
the dataof Olinger, Roof & Cady This leadBernecler [17] to proposeapproxi-
matingthe Hugoniotlocuswith apiecaviselinearfit. TheBirch-Murnagharfit to
Yoo & Cynn’sdatabelow thephasdransitionat27GPis effectively asmoothver
sion of Bernecler's fit. It interpolatesbetweernthe low pressuradataof Olinger,
Roof & Cady(exceptfor their 3 highestpressuralatapoints)andthe higherpres-
suredataof Yoo & Cynn. Consequentlyon the basisof thefit to Yoo & Cynn’s
data,a shockinducedphaseransitionwould not appeato bewarranted.

Needlesgo sayanaccurateequationof statefor HMX is anecessaryngredi-
entfor simulationsusedto determindnitiation sensitvity. Understandingxperi-
mentalerrorsanddetermininganequationof stateconsistentvith all thedataare
importantissueghatrequiremoreattention.
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